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Abstract
According to recent experimental evidence, promoter architecture, defined by the number, strength and regulatory role of
the operators that control transcription, plays a major role in determining the level of cell-to-cell variability in gene
expression. These quantitative experiments call for a corresponding modeling effort that addresses the question of how
changes in promoter architecture affect variability in gene expression in a systematic rather than case-by-case fashion. In
this article we make such a systematic investigation, based on a microscopic model of gene regulation that incorporates
stochastic effects. In particular, we show how operator strength and operator multiplicity affect this variability. We examine
different modes of transcription factor binding to complex promoters (cooperative, independent, simultaneous) and how
each of these affects the level of variability in transcriptional output from cell-to-cell. We propose that direct comparison
between in vivo single-cell experiments and theoretical predictions for the moments of the probability distribution of mRNA
number per cell can be used to test kinetic models of gene regulation. The emphasis of the discussion is on prokaryotic
gene regulation, but our analysis can be extended to eukaryotic cells as well.
Citation: Sanchez A, Garcia HG, Jones D, Phillips R, Kondev J (2011) Effect of Promoter Architecture on the Cell-to-Cell Variability in Gene Expression. PLoS
Comput Biol 7(3): e1001100. doi:10.1371/journal.pcbi.1001100
Editor: Wyeth W. Wasserman, University of British Columbia, Canada
Received August 11, 2010; Accepted January 28, 2011; Published March 3, 2011
Copyright: ß 2011 Sanchez et al. This is an open-access article distributed under the terms of the Creative Commons Attribution License, which permits
unrestricted use, distribution, and reproduction in any medium, provided the original author and source are credited.
Funding: RP, HGG and DJ were supported by NIH grants R01 GM085286-01S and R01 GM085286, and National Institutes of Health Director’s Pioneer Award
grant DP1 OD000217. JK acknowledges support from National Science Foundation grant DMR-0706458. AS was supported by grants GM81648 and GM43369
from the National Institutes of Health. The funders had no role in study design, data collection and analysis, decision to publish, or preparation of the manuscript.
Competing Interests: The authors have declared that no competing interests exist.
* E-mail: kondev@brandeis.edu

and single-molecule resolution [1–11]. These experiments have
confirmed the long-suspected idea that gene expression is stochastic
[12,13], meaning that different steps on the path from gene to
protein occur at random. This stochasticity also causes variability in
the number of messenger RNAs (mRNA) and proteins produced
from cell-to-cell in a colony of isogenic cells [11,14–17]. The
question of how transcriptional regulatory networks function
reliably in spite of the noisy character of the inputs and outputs
has attracted much experimental and theoretical interest [18,19]. A
different, but also very relevant, question is whether cells actually
exploit this stochasticity to fulfill any physiologically important task.
This issue has been investigated in many different cell types and it
has been found that stochasticity in gene expression plays a pivotal
role in processes as diverse as cell fate determination in the retina of
Drosophila melanogaster [20], entrance to the competent state of B.
subtilis [7], resistance of yeast colonies to antibiotic challenge [17],
maintenance of HIV latency [21], promoting host infection by
pathogens [22] or the induction of the lactose operon in E. coli [23].
Other examples have been found, and reviewed elsewhere [24,25].
The overall conclusion of all of these studies is that stochasticity in
gene expression can have important physiological consequences in
natural and synthetic systems and that the overall architecture of the
gene regulatory network can greatly affect the level of stochasticity.
A number of theoretical and experimental studies have revealed
multiple ways in which the architecture of the gene regulatory
network affects cell-to-cell variability in gene expression. Examples

Introduction
A fundamental property of all living organisms is their ability to
gather information about their environment and adjust their
internal physiological state in response to environmental conditions. This property, shared by all organisms, includes the ability of
single-cells to respond to changes in their environment by
regulating their patterns of gene expression. By regulating the
genes they express, cells are able to survive, for example, changes
in the extracellular pH or osmotic pressure, switch the mode of
sugar utilization when the sugar content in their medium changes,
or respond to shortages in key metabolites by adapting their
metabolic pathways. Perhaps more interesting is the organization
of patterns of gene expression in space and time resulting in the
differentiation of cells into different types, which is one of the
defining features of multicellular organisms. Much of this
regulation occurs at the level of transcription initiation, and is
mediated by simple physical interactions between transcription
factor proteins and DNA, leading to genes being turned on or off.
Understanding how genes are turned on or off (as well as the more
nuanced expression patterns in which the level of expression takes
intermediate levels) at a mechanistic level has been one of the great
challenges of molecular biology and has attracted intense attention
over the past 50 years.
The current view of transcription and transcriptional regulation
has been strongly influenced by recent experiments with single-cell
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expected for these promoters. Our results provide an expectation
for how different architectural elements affect cell-to-cell variability in gene expression.
The second point of this paper is to make use of stochastic
kinetic models of gene regulation to put forth in vivo tests of the
molecular mechanisms of gene regulation by transcription factors
that have been proposed as a result of in vitro biochemical
experiments. The idea of using spontaneous fluctuations in gene
expression to infer properties of gene regulatory circuits is an area
of growing interest, given its non-invasive nature and its potential
to reveal regulatory mechanisms in vivo. Different theoretical
methods have recently been proposed, which could be employed
to distinguish between different modes (e.g. AND/OR) of
combinatorial gene regulation, and to rule out candidate
regulatory circuits [27,39,40] based solely on properties of noise
in gene expression, such as the autocorrelation function of the
fluctuations [27] or the three-point steady state correlations
between multiple inputs and outputs [39,40].
Here, we make experimentally testable predictions about the
level of cell-to-cell variability in gene expression expected for
different bacterial promoters, based on the physical kinetic models
of gene regulation that are believed to describe these promoters in
vivo. In particular, we focus on how varying the different
parameters (i.e., mutating operators to make them stronger or
weaker, varying the intracellular concentration of transcription
factors, etc.) should affect the level of variability. This way, cell-tocell variability in gene expression is used as a tool for testing kinetic
models of transcription factor mediated regulation of gene
expression in vivo.
The remainder of the paper is organized as follows: First we
describe the theoretical formalism we use to determine analytic
expressions for the moments of the probability distribution for
both mRNA and protein abundances per cell. Next, we examine
how the architecture of the promoter affects cell-to-cell variability
in gene expression. We focus on simple and cooperative
repression, simple and cooperative activation, and transcriptional
regulation by distal operators mediated by DNA looping. We
investigate how noise in gene expression caused by promoter
activation differs from repression, how operator multiplicity affects
noise in gene expression, the effect of cooperative binding of
transcription factors, as well as DNA looping. For each one of
these architectures we present a prediction of cell-to-cell variability
in gene expression for a bacterial promoter that has been well
characterized experimentally in terms of their mean expression
values. These predictions suggest a new round of experiments to
test the current mechanistic models of gene regulation at these
promoters.

Author Summary
Stochastic chemical kinetics provides a framework for
modeling gene regulation at the single-cell level. Using
this framework, we systematically investigate the effect of
promoter architecture, that is, the number, quality and
position of transcription factor binding sites, on cell-to-cell
variability in transcription levels. We compare architectures
resulting in transcriptional activation with those resulting
in transcriptional repression. We start from simple activation and repression motifs with a single operator
sequence, and explore the parameter regime for which
the cell-to-cell variability is maximal. Using the same
formalism, we then turn to more complicated architectures
with more than one operator. We examine the effect of
independent and cooperative binding, as well as the role
of DNA mechanics for those architectures where DNA
looping is relevant. We examine the interplay between
operator strength and operator number, and we make
specific predictions for single-cell mRNA-counting experiments with well characterized promoters. This theoretical
approach makes it possible to find the statistical response
of a population of cells to perturbations in the architecture
of the promoter; it can be used to quantitatively test
physical models of gene regulation in vivo, and as the basis
of a more systematic approach to designing new promoter
architectures.
of mechanisms for the control of stochasticity have been proposed
and tested, including the regulation of translational efficiency [8],
the presence of negative feedback loops [26,27,28], or the
propagation of fluctuations from upstream regulatory components
[29]. Another important source of stochasticity in gene expression
is fluctuations in promoter activity, caused by stochastic association and dissociation of transcription factors, chromatin remodeling events, and formation of stable pre-initiation complexes
[5,15,16,23,30]. In particular, it has been reported that perturbations to the architecture of yeast and bacterial promoters, such as
varying the strength of transcription factor binding sites[17], the
number and location of such binding sites [11,31], the presence of
auxiliary operators that mediate DNA looping [23], or the
competition of activators and repressors for binding to the same
stretch of DNA associated with the promoter [32], may strongly
affect the level of variability.
Our goal is to examine all of these different promoter
architectures from a unifying perspective provided by stochastic
models of transcription leading to mRNA production. The logic
here is the same as in earlier work where we examined a host of
different promoter architectures using thermodynamic models of
transcriptional regulation [33,34]. We now generalize those
systematic efforts to examine the same architectures, but now
from the point of view of stochastic models. These models allow us
to assess the unique signature provided by a particular regulatory
architecture in terms of the cell-to-cell variability it produces.
First, we investigate in general theoretical terms how the
architecture of a promoter affects the level of cell-to-cell variability.
The architecture of a promoter is defined by the collection of
transcription factor binding sites (also known as operators), their
number, position within the promoter, their strength, as well as
what kind of transcription factors bind them (repressors, activators
or both), and how those transcription factors bind to the operators
(independently, cooperatively, simultaneously). We apply the
master-equation model of stochastic gene expression [35,36,
37,38] to increasingly complex promoter architectures [30], and
compute the moments of the mRNA and protein distributions
PLoS Computational Biology | www.ploscompbiol.org

Methods
In order to investigate how promoter architecture affects cell-tocell variability in gene expression, we use a model based on
classical chemical kinetics (illustrated in Figure 1A), in which a
promoter containing multiple operators may exist in as many
biochemical states as allowed by the combinatorial binding of
transcription factors to its operators. The promoter transitions
stochastically between the different states as transcription factors
bind and fall off. Synthesis of mRNA is assumed to occur
stochastically at a constant rate that is different for each promoter
state. Further, transcripts are assumed to be degraded at a
constant rate per molecule.
This kind of model is the kinetic counterpart of the so-called
‘‘thermodynamic model’’ of transcriptional regulation [41], and it
is the standard framework for interpreting the kinetics of gene
2
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Figure 1. Two-state promoter. (A) Simple two-state bacterial promoter undergoing stochastic activation by a transcriptional activator binding to a
single operator site. The rates of activator association and dissociation are given by kAon and kAoff , respectively and the rates of mRNA production for
the basal and active states are r1 and r2 respectively. The mRNA degradation rate is assumed to be constant for each molecule, and is given by the
parameter c. (B) List of all possible stochastic transitions affecting either the copy number of mRNA (m) or the state of the promoter (s) and their
respective statistical weight. State 1 has the operator free. State 2 is the activator bound state. The weights represent the probability that each
change of state will occur during a time increment Dt. The master equation is constructed based on these rules.
doi:10.1371/journal.pcbi.1001100.g001

states corresponding to different arrangements of transcription
factors on the promoter DNA. Promoter dynamics are described
by trajectories involving stochastic transitions between promoter
states which are induced by the binding and unbinding of
transcription factors. A detailed derivation of the equations which
describe promoter dynamics can be found in the Text S1, but the
essentials are described below.
There are only two stochastic variables in the model: the
number of mRNA transcripts per cell, which is represented by the
unitless state variable m, and the state of the promoter, which is
defined by the pattern of transcription factors bound to their
operator sites. The promoter state is described by a discrete and
finite stochastic variable (s) (for an example, see Figure 1A). The
example in Figure 1A illustrates the simplest model of transcriptional activation by a transcription factor. When the activator is
not bound (state 1), mRNA is synthesized at rate r1 . When the
activator is bound to the promoter (state 2), mRNA is synthesized
at the higher rate r2 . The promoter switches stochastically from

regulation in biochemical experiments, both in vivo [2,23] and in
vitro [42,43]. This class of kinetic models can easily accommodate
stochastic effects, and it leads to a master equation from which the
probability distribution of mRNA and protein copy number per
cell can be computed. It is often referred to as the standard model
of stochastic gene expression [38,44,45]. The degree of cell-to-cell
variability in gene expression can be quantified by the stationary
variance, defined as the ratio of the standard deviation and the
mean of the probability distribution of mRNA or protein copy
number per cell [35], or else by the Fano factor, the ratio between
the variance and the mean. These two are the two most common
metrics of noise in gene expression, and the relation between them
will be discussed later.
In order to compute the noise strength from this class of models,
we follow the same approach as in a previous article [30], which
extends a master equation derived elsewhere [36,37,46] to
promoters with arbitrary combinatorial complexity. The complexity refers to the existence of a number of discrete promoter
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state 1 to state 2 with rate kAon , and from state 2 to state 1 with rate
kAoff . Each mRNA molecule is degraded with rate c.
The time evolution for the joint probability of having the
promoter in states 1 or 2, with m mRNAs in the cell (which we
write as p(1,m) and p(2,m), respectively), is given by a master
equation, which we can build by listing all possible reactions that
lead to a change in cellular state, either by changing m or by
changing s (Figure 1b). The master equation takes the form:

of the mRNA distribution can be easily computed from our model,
for the sake of simplicity and because most experimental studies
have been performed on cells in steady state, we focus on this limit.
As shown in Text S1, analytic expressions for the first two
moments of the steady state mRNA probability distribution are
found by multiplying both sides of equation (4) by m and m2
respectively, and then summing m from 0 to infinity. After some
algebra (elaborated in an earlier paper and in Text S1), we find
that the first two moments can be written as:

d
p(1,m)~{kAon p(1,m)zkAoff p(2,m){r1 p(1,m){cmp(1,m)z
dt
r1 p(1,m{1)zc(mz1)p(1,mz1),
d
p(2,m)~kAon p(1,m){kAoff p(2,m){r2 p(2,m){cmp(2,m)z
dt

SmT~

Sm2 T~SmTz

ð2Þ

and the matrices
kAoff
{kAoff

#


r1
^
; R~
0

0
r2





1 0
^
; I~
,
0 1

~
~ (1)
rm
:
c

ð6Þ

The vector ~
r contains the ordered list of rates of transcription
initiation for each promoter state. For the two-state promoter
~ (0) contains the steady
shown in Figure 1, ~
r~ðr1 ,r2 Þ. The vector m
state probabilities for finding the promoter in each one of the
~ (1) is the steady-state mean
possible promoter states, while m
~ (0) is the
mRNA number in each promoter state. The vector m
solution to the matrix equation

Inspecting this system of equations, we notice that by defining the
vector:

"
{kAon
^
K~
kAon

ð5Þ

ð1Þ

r2 p(2,m{1)zc(mz1)p(2,mz1):



p(1,m)
~
p(m)~
,
p(2,m)

~
~ (0)
rm
,
c

^ m
~ (0) ~0,
K
ð3Þ

ð7Þ

~ (1) is obtained from
while the vector m

^ {c ^I m
^m
~ (1) zR
~ (0) ~0:
K

we can rewrite the system of equations (1) in matrix form.

ð8Þ



d
^ {R
^ {mc^I ~
^~
~
p(m)~ K
p(m)zR
p(m{1)z(mz1)c^I~
p(mz1): ð4Þ
dt

Figure 1 illustrates the following algorithm for computing the
intrinsic variability of mRNA number for promoters of arbitrarily
complex architecture:

This has several advantages, but the most important one is that
the matrix approach reduces the task of obtaining analytical
expressions for the moments of the steady state mRNA distribution
for an arbitrarily complex promoter to solving two simple linear
matrix equations (more details are given in the Text S1).
The matrices appearing in equation (4) all have simple and
^ describes the stochastic
intuitive interpretations. The matrix K
transitions between promoter states: The off-diagonal elements of
^ ij are the rates of making transitions from promoter
the matrix K
state (j)to promoter state (i).The diagonal elements of the matrix
^ jj are negative, and they represent the net probability flux out of
K
P
^ ij . The matrix R
^ jj ~{ K
^ is a diagonal matrix whose
state (j): K
i=j
^ jj gives the rate of transcription initiation when the
element R
promoter is in state (j). Finally, the matrix ^I is the identity matrix.
^ and R
^ is presented pictorially in
An example of matrices K
Figure 1 in Text S1. It is straightforward to see that even though
equation (4) has been derived for a two-state promoter, it also
applies to any other promoter architecture. What will change for
different architectures are the dimensions of the matrices and
vectors (these are given by the number of promoter states) as well
as the values of the rate constants that make up the matrix
elements of the various matrices.
An important limit of the master equation, which is often
attained experimentally, is the steady state limit, where the
probability distribution for mRNA number per cell does not
change with time. Although the time dependence of the moments

1)
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2)
3)
4)

Make a list of all possible promoter states and their kinetic
transitions (Figure 1B)
^ and R
^ , and the vector ~
Construct the matrices K
r, (Figure 1
in Text S1).
~ (0) and m
~ (1)
Solve equations (7–8) to obtain m
Plug solutions of (7–8) into equations (5–6) to obtain the
moments.

The normalized variance of the mRNA distribution in steady
state is then computed from the equation:


~
~(1)
rm
Var(m) Sm2 T{SmT2
1
1
2
g2~
{SmT
:ð9Þ
~
~
z
c
SmT SmT2
SmT2
SmT2
Equation (9) reveals that, regardless of the specific details
characterizing promoter architecture, the intrinsic noise is always
the sum of two components, and it can be written as
g2 ~

1
zg2promoter :
SmT

ð10Þ

The first component is due to spontaneous stochastic production and degradation of single mRNA molecules, it is always equal
4
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to the Poissonian expectation of 1=SmT, and is independent of the
architecture of the promoter. For an unregulated promoter that is
always active and does not switch between multiple states (or does
so very fast compared to the rates of transcription and mRNA
degradation), the mRNA distribution is well described by a
Poisson distribution [45,47], and the normalized variance is equal
to 1=SmT. The second component (‘‘promoter noise’’) results from
promoter state fluctuations, and captures the effect of the
promoter’s architecture on the cell-to-cell variability in mRNA:
g2promoter ~



~
~ (1)
rm
1
2
{SmT
:
c
SmT2

The reader is referred to the Text S1 for a detailed derivation
and interpretation of these equations. In the previous section we
have shown that the noise for proteins and mRNA take very
^ n ~b R
^,
similar analytical forms. Indeed, if we define~
rn ~b ~
r and R
as the vector and matrix containing the average rates of protein
synthesis for each promoter state, it is straightforward to see that
equations (8) and (15) are mathematically equivalent, with the only
^ n represents the
difference being that in equation (15) the matrix R
rates of protein synthesis, so all the rates of transcription are
multiplied by the translation burst size b. Therefore, the vectors
~ (1) and ~
m
n(1) are only going to differ in the prefactor b multiplying
all the different transcription rates. We conclude that the promoter
contribution to the noise takes the exact same analytical form both
for proteins and for mRNA, with the only other quantitative
difference being the different rates of degradation for proteins and
mRNA. Therefore, promoter architecture has the same qualitative
effect on cell-to-cell variability in mRNA and protein numbers. All
the conclusions about the effect of promoter architecture on cellto-cell variability in mRNA expression are also valid for proteins,
even though quantitative differences do generally exist. For the
sake of simplicity we focus on mRNA noise for the remainder of
the paper.

ð11Þ

In order to quantify the effect of the promoter architecture in
the level of cell-to-cell variability in mRNA expression, we define
the deviation in the normalized variance caused by gene
regulation relative to the baseline Poisson noise for the same
mean (see Figure 2):

Fold{change mRNA noise~

g2
g2Poisson

Var(m) SmT2 Var(m)
~
~
1=SmT
SmT

ð12Þ

Parameters and assumptions
In order to evaluate the equations in our model, we use
parameters that are consistent with experimental measurements of
rates and equilibrium constants in vivo and in vitro, which we
summarize in Table 1. Although these values correspond to
specific examples of E. coli promoters, like the Plac or the PRM
promoter, we extend their reach by using them as ‘‘typical’’
parameters characteristic of bacterial promoters, with the idea
being that we are trying to demonstrate the classes of effects that
can be expected, rather than dissecting in detail any particular
promoter. The rate of association for transcription factors to
operators in vivo is assumed to be the same as the recently
measured value for the Lac repressor, which is close to the
diffusion limited rate [48]. In order to test whether the particular
selection of parameters in Table 1 is biasing our results, we have
also done several controls (See Figures 2–4 in Text S1) in which
the kinetic parameters were randomly sampled. We found that the
conclusions reached for the set of parameters in Table 1 are valid
for other parameter sets as well.
Operator strength reflects how tightly operators bind their
transcription factors, and it is quantitatively characterized by the
equilibrium dissociation constant KO{TF . The dissociation constant
has units of concentration and is equal to the concentration of free
transcription factor at which the probability for the operator to be
occupied is 1/2. KO{TF is related to the association and dissociation
0
, where koff is the rate (i.e., the probability
rates by KO{TF ~koff kon
per unit time) at which a transcription factor dissociates from the
0
promoter, and kon
is a second order rate constant, which represents
the association rate per unit of concentration of transcription factors,
0
i.e., kon ~kon
½NTF . Note that in the last formula kon , which has units
of s21, is written as the product of two quantities: ½NTF , which is the
concentration (in units of (mol/liter)) of transcription factors inside the
0
cell, and kon
, a second order rate constant that has units of (mol/
21 21
liter) s . For simplicity, we assume that the binding reaction is
0
diffusion limited, namely, kon
is already close to its maximum possible
value, so the only parameter that can differ from operator to operator
is the dissociation rate: strong operators have slow dissociation rates,
and weak operators have large dissociation rates.
Throughout this paper, we also make the assumption that the
mean expression level is controlled by varying the intracellular
concentration of transcription factors, a scenario that is very

Therefore, the deviation in the normalized variance caused by
gene regulation is equal to the ratio between the variance and the
mean. This parameter is also known as the Fano factor. Thus, for
any given promoter architecture, the Fano factor quantitatively
characterizes how large the mRNA noise is relative to that of a
Poisson distribution of the same mean (i.e. how much the noise for
the regulated promoter elevates with respect to the Poisson noise).
This is the parameter that we will use throughout the paper as the
metric of cell-to-cell variability in gene expression.

Promoter noise and variability of mRNA and protein
numbers
For proteins, the picture is only slightly more complicated. As
shown in the Text S1, in the limit where the lifetime of mRNA is
much shorter than that of the protein it encodes for (a limit that is
often fulfilled [30]), the noise strength of the probability
distribution of proteins per cell takes the following form (where
we define n as a state variable that represents the copy number of
proteins per cell):


~
r~
n(1)
Var(n) Sn2 T{SnT2 1zb
1
2
{SnT
,
~
~
b
z
d
SnT
SnT2
SnT2
SnT2

ð13Þ

where d stands for the protein degradation rate, and the constant b
is equal to the protein burst size (the average number of proteins
produced by one mRNA molecule). The mean protein per cell is
given by
SnT~b

~
~ (0)
rm
,
d

ð14Þ

and the vector ~
n(1) is the solution of the algebraic equation:


^m
^ {d ^I ~
~(0) ~0:
K
n(1) zbR
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Figure 2. Simple repression architecture. (A) Time traces for promoter activity, mRNA and protein copy number are shown for both the weak
operator and the strong operator. The mRNA histograms are also shown. The weaker operator with a faster repressor dissociation rate leads to small
promoter noise, and an mRNA probability distribution resembling a Poisson distribution (shown by the blue-bar histogram), in which most cells express
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mRNA near the population average. In contrast, the stronger operator with a slower repressor dissociation rate, leads to larger promoter noise and
strongly non-Poissonian mRNA statistics. (B) Kinetic mechanism of repression for an architecture involving a single repressor binding site. The repressor
turns off the gene when it binds to the promoter (with rate kRon ), and transcription occurs at a constant rate r when the repressor falls off (with rate kRoff ).
(C) Normalized variance as a function of the fold-change in mean mRNA copy number. The parameters used are drawn from Table 1. The value of
kRoff ~0:0023s{1 from Table 1 corresponds to the in vitro dissociation constant of the Lac repressor from the Oid operator (black). The results for an offrate 10-times higher are also plotted (red). As a reference for the size of the fluctuations, we show the normalized variance for a Poisson promoter. (D)
Fano factor for two promoters bearing the same off-rates as in (B). Inset. Prediction for the Fano factor for the DO3DO2PlacUV5 promoter, a variant of the
PlacUV5 promoter for which the two auxiliary operators have been deleted. The fold-change in mRNA noise is plotted as a function of the fold-change in
mean mRNA copy number for mutants of the promoter that replace O1 for Oid, O2 or O3. The parameters are taken from Table 1 and [33]. Lifetimes of
the operator-repressor complex are 7 min for Oid, 2.4 min for O1, 11s for O2 and 0.47 s for O3. (E) Fold-change in protein noise as a function of the foldchange in mean expression. As expected, the effect of operator strength is the same as observed for mRNA noise.
doi:10.1371/journal.pcbi.1001100.g002

common experimentally [49,50,51]. We also assume that
changing the intracellular concentration of transcription factors
only affects the association rate of transcription factors to the
operators, but the dissociation rate and the rates of transcription at each promoter state are not affected. In other words, koff
is a constant parameter for each operator, and it is not changed
when we change the mean by titrating the intracellular
repressor level. All of these general assumptions need to be
revisited when studying a specific gene-regulatory system. Here
our focus is on illustrating the general principles associated with
different promoter architectures typical of those found in
prokaryotes.
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Simulations
To generate mRNA time traces, we applied the Gillespie
algorithm [52] to the master equation described in the text. A
single time step of the simulation is performed as follows: one of
the set of possible trajectories is chosen according to its relative
weight, and the state of the system is updated appropriately. At
the same time, the time elapsed since the last step is chosen
from an exponential distribution, whose rate parameter equals
the sum of rate parameters of all possible trajectories. This
process is repeated iteratively to generate trajectories that
exactly reflect dynamics of the underlying master equation. For
the figures, simulation lengths were set long enough for the
system to reach steady state and for a few promoter state
transitions to occur.
To generate the probability distributions, it is convenient to
reformulate the entire system of mRNA master equations in terms
of a single matrix equation. To do this, we first define a vector

ð16Þ

where p(i,m)is the joint probability of having mmRNAs while in
the ith promoter state. Then the master equation for time
evolution of this probability vector is
0
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Table 1. Kinetic parameters used to make the quantitative estimates in the text and plots in the figures.

Kinetic Rate

Symbol

Value

Reference

Unregulated promoter transcription rate

r

0.33s21

[99]

Repressor and activator associations rates

kR0 ,kA0

0:0027 (s nM){1

[2]

Repressor and activator dissociation rates

kRoff ,kAoff

0:0023 s{1

[42]

{1

mRNA decay rate

c

0:011 s

Ratio between transcription rates due to activation

f ~r1 =r2

11

[50]

Cooperativity in repression

Vrepression

0.013

[50]

Cooperativity in activation

Vactivation

0:1

[33]

Looping J-factor

½J

660 nM

[33]

Protein translation burst size

b

31.2 proteins/mRNA

[5]

Protein decay rate

½J

0.00083s21

[99]

[10]

These parameters are all measured for model systems such as the Plac promoter or the PRM in E. coli, and are here considered representative for promoter-transcription
factor interactions.
doi:10.1371/journal.pcbi.1001100.t001
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type cI repressor (blue line) and a repressor mutant (Y210H) that
abolishes cooperativity (red line). Parameters taken from [43,97]. The
lifetime of the OR1-cI complex is 4 min. Lifetime of OR2-cI complex is
9.5s. (C) mRNA distribution for the same parameters used in (B).
doi:10.1371/journal.pcbi.1001100.g003

where each element of the matrix is itself an N by N matrix as
described in the text. Then finding the steady-state distribution
~
PSS is equivalent to finding the eigenvector of the above matrix
associated with eigenvalue 0. To perform this calculation
numerically, one must first choose an upper bound on mRNA
copy number in order to work with finite matrices. In this work,
we chose an upper bound six standard deviations above mean
mRNA copy number as an initial guess, and then modified this
bound if necessary. Computations were performed using the SciPy
(Scientific Python) software package.

Results
Promoters with a single repressor binding site
We first investigate a promoter architecture consisting of a
single repressor binding site, and examine how operator strength
affects intrinsic variability in gene expression. Although this
particular mode of gene regulation has been well studied
theoretically before [1,16,36,37,45], it is a useful starting point
for illustrating the utility of this class of models. Within this class of
models, when the repressor is bound to the operator, it interferes
with transcription initiation and transcription does not occur.
When the repressor dissociates and the operator is free, RNAP can
bind and initiate transcription at a constant rate r. The probability
per unit time that a bound repressor dissociates is kRoff , and the
probability per unit time that a free repressor binds the empty
0
0
operator is kRon ~kon
½NR , where kon
is the second-order
association constant and ½NR  is the intracellular repressor
concentration. The rate of mRNA degradation per molecule is
c. This mechanism is illustrated in Figure 2B.
We compute the mean and the Fano factor for this architecture
following the algorithm described in the Mathematical Methods
^ and R
^
section. The kinetic rate and transcription rate matrices K
are shown in Table S1 in Text S1. For this simple architecture, the
mean of the mRNA probability distribution and the normalized
variance take simple analytical forms:

SmT~

r kRoff
r
1
.
~
,
c kRoff zkRon c 1zkon koff

ð18Þ

1
kRon
c
:
z off
SmT kR czkRoff zkRon

ð19Þ

R

g2 ~

Using the relationship between kRon and the intracellular
concentration of repressor, we can write the mean as:

Figure 3. Dual repression architecture. (A) Kinetic mechanism of
repression for a dual-repression architecture. The parameters kRoff and
kRon are the rates of repressor dissociation and association to the
operators, and V is a parameter reflecting the effect of cooperative
binding on the dissociation rate. For independent binding, V~1 and
for cooperative binding V~0:013 (see Table 1). (B) Fold-change in the
mRNA noise caused by gene regulation for independent (red) and
cooperative (black) repression as a function of the mean mRNA copy
number. Inset: Prediction for a variant of the l PR promoter where the
upstream operators OL1, OL2 and OL3 are deleted. The promoter mRNA
noise is plotted as a function of the mean mRNA number for both wild-
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R

SmT~

r
1
1
.
~SmTmax
: ð20Þ
c 1zk0 ½NR  koff
1z½NR =KOR
R
on

Here we have defined the equilibrium dissociation. constant
0
. It is
between the repressor and the operator as: KOR ~kRoff kon
interesting to note that equation (20) could have been derived
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Figure 4. Repression by DNA looping. (A) Kinetic mechanism of repression. kRoff and kRon are the rates of repressor dissociation and association.
The rate of loop formation is kloop ~½J kR0 , where ½J  can be thought of as the local concentration of repressor in the vicinity of one operator when it is
bound to the other operator. The rate of dissociation of the operator-repressor complex in the looped conformation is given by kunloop ~c kRoff . The
parameter c captures the rate of repressor dissociation in the looped state relative to the rate of dissociation in a non-looped state. (B) Effect of DNA
looping on cell-to-cell variability. The Fano factor is plotted as a function of the fold-change in the mean expression level, in the absence (blue) and
presence (black) of the auxiliary operator, and assuming that dissociation of the operator from Om is the same in the looped and the unlooped state
(c = 1). The presence of the auxiliary operator, which enables repression by DNA looping, increases the cell-to-cell variability. The regions over which
the state with two repressors bound, the state with one repressor bound, or the looped DNA state are dominant are indicated by the shading in the
background. The noise is larger at intermediate repression levels, where only one repressor is found bound to the promoter region, simultaneously
occupying the auxiliary and main operators through DNA looping. The rate of DNA loop formation is kloop ~ð660nM ÞkR0 [33]. We also show the effect
of DNA looping in the case
. where the kinetics of dissociation from the looped state are 100 times faster than the kinetics of dissociation from the
unlooped state: c~kunloop kRoff ~100(red). In this limit, the presence of the auxiliary operator leads to less gene expression noise. (C) Prediction for a
library of PlacUV5 promoter variants, harboring an O2 deletion, and with the position of O3 moved upstream by multiples of 11 bp while keeping its
identity (red), or replaced by the operator by Oid (black). Parameters are taken from the analysis in [33] of the data in [98]. We assume a concentration
of 50 Lac repressor tetramers per cell. The association rate of the tetrameric repressor to the operators is taken from Table 1. The lifetimes of the
operator-repressor complex are given in the
to Figure 2. The
h caption
i dependence of the rate of DNA looping on the inter-operator distance is taken
u
from [33], and equal to: kloop ~kRon |Exp { {vLog½DzwDzz , where u~140:6, v~2:52, w~0:0014, z~19:9. Note that the Fano factor is not
D
plotted as a function of the mean, but as a function of the inter-operator distance D. In this case, as we change D, we vary both the mean and the
Fano factor.
doi:10.1371/journal.pcbi.1001100.g004
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using the thermodynamic model approach [33,34,41,53]. In
particular we see that this expression is equal to the product of
the maximal activity in the absence of repressor SmTmax ~r=c,
.

and the so-called fold-change in gene expression:

from a stochastic simulation of the model depicted in Figure 2B,
for the case of a weak and a strong operator. The simulation yields
trajectories in time for the promoter state, the mRNA, and protein
number, as well as the steady state distribution of mRNA number.
Concentrations of repressor in the simulations were chosen so that
the mean expression level was equal for the two different promoter
architectures. As expected from the general arguments presented
above, we clearly see that the level of variability is smaller for the
weak operator than for the strong operator, due to faster promoter
switching leading to smaller mRNA fluctuations and a more
Poisson-like mRNA distribution (Figure 2A, weak promoter). Slow
dissociation from a strong operator, on the other hand, causes slow
promoter state fluctuations and a highly non-Poissonian mRNA
distribution, with few cells near the mean expression level (see
Figure 2A, strong promoter).
In order to show that the effect of operator strength on the cellto-cell variability is general and does not depend on the particular
set of parameters chosen in the simulation, in figures 2C and 2D,
we show the normalized variance and the Fano factor as a
function of the fold-change in the mean mRNA concentration for
a strong operator whose dissociation rate is kRoff ~0:0027s{1 (a
value that is representative of well characterized repressoroperator interactions such as the Lac repressor-lacOid, or the
cI2-lOR1 ), and for a single weak operator whose dissociation rate
kRoff is 10 times larger.
The Fano factor has a characteristic shape whereby it takes
values approaching 1 at low and high transcription levels with a
peak at intermediate values. The reason for this shape is that for
very low transcription levels the promoter is nearly always inactive,
firing only very rarely. In this limit successive transcription events
become uncorrelated and the time in between them is exponentially distributed, leading to a distribution of mRNA per cell that
approaches a Poisson distribution characterized by a Fano factor
equal to 1. In contrast, for very high transcription levels the
promoter is nearly always active, switching off very rarely and
staying in the off state for short times. In this limit, transcription
events are again uncorrelated and exponentially distributed,
leading once again to a Poisson distribution of mRNA number.
It is only for intermediate values of the mean that the promoter is
switching between a transcriptionally active and an inactive state.
This causes transcription to occur in bursts, and the mRNA
distribution to deviate from Poisson, leading to a Fano factor that
is larger than 1.
In Figure 2E we plot the fold-change in protein noise due to
gene regulation for the simple repression architecture. As
expected, we find that the effect of operator strength in protein
noise is qualitatively identical to what we found for mRNA. Since
the same can be said of all the rest of architectures studied, we will
limit the discussion to mRNA noise for the rest of the paper, with
the understanding that for the class of models considered here, all
the conclusions about the effect of promoter architecture in cell-tocell variability that are valid for mRNA, are true for intrinsic
protein noise as well.
In Figure 2, and throughout this paper, we plot the Fano factor
as a function of transcription level, which is characterized by the
fold-change in gene expression. The fold-change in gene
expression is defined as the mean mRNA number in the presence
of the transcription factor, normalized by the mean mRNA in the
absence of the transcription factor. For architectures based on
repression, the fold-change in gene expression is always less than 1,
since the repressor reduces the level of transcription. For example,
a fold-change in gene expression of 0.1 means that in the presence
of repressor, the transcription level is 10% of the value it would
have if the repressor concentration dropped to 0. For the case of

1zkRon

kRoff Þ{1 ~ð1z½NR =KOR Þ{1 [34].

The fold-change is defined as
the ratio of the level of expression in the presence of the
transcription factor of interest, and the level of expression in the
absence of the transcription factor.
The Fano factor for the mRNA distribution can be computed
from equation (12) and we obtain:
Fano~1z

kRon

r

kRoff zkRon

czkRoff zkRon

,

ð21Þ

which is also shown as the first entry of Table S2 in Text S1. In
many experiments [4,15,31,50], the concentration of repressor
0
½NR )
inside the cell ½NR  (and therefore the association rate kRon ~kon
can be varied by either expressing the repressor from an inducible
promoter, or by adding an inducer that binds directly to the
repressor rendering it incapable of binding specifically to the
operators in the promoter region. When such an operation is
performed, the only parameter that is varied is typically kRon , and all
other kinetic rates are constant. The Fano factor can thus be rewritten as a function of the mean mRNA, and we find:
0

1
1{SmT=SmT
max
A:
.
Fano~1zSmT@
kRoff czSmT=SmTmax

ð22Þ

Therefore, for any given value of the mean, the Fano factor
depends only on two parameters: the maximal mRNA or protein
expression per cell, and a parameter that reflects the strength.of
binding between the repressor and the operator: kRoff c.
Equations (20) and (21) reveal that changes in the mean due to
repressor titration affect the noise as well as the mean. Since
neither the repressor dissociation rate kRoff nor the mRNA
degradation
rates are affected by the concentration of repressors,
.
off
kR c is a constant parameter that will determine how large the
cell-to-cell variability is: The Fano factor is maximal for promoters
with very strong operators, (kRoff ,,c, and it goes to 1 (i.e., the
distribution tends to a Poisson distribution) when the operator is
very weak and the rate of dissociation extremely fast (kRoff ..c).
In the latter limit of fast promoter kinetics, the fast fluctuations in
promoter occupancy are filtered by the long lifetime of mRNA.
Effectively, mRNA degradation acts as a low-pass frequency filter
[54,55], and fast fluctuations in promoter occupancy are not
propagated into mRNA fluctuations. Therefore, promoters with
strong operators are expected to be noisier than promoters with
weak operators [56]. From this discussion it should also be clear
that the mRNA degradation rate critically affects cell-to-cell
variability. Any processes that tend to accelerate degradation will
tend to increase noise, and mRNA stabilization (i.e., protection of
the transcript by RNA binding proteins) leads to reduction of
variability. However, the focus of this article is on promoter
architecture and transcriptional regulation. Therefore, we do not
consider regulation of transcription by mRNA degradation, and
assume that all the promoters transcribe the same mRNA as is
often the case in experimental studies.
The effect of operator strength on the output of transcription
and translation is illustrated in Figure 2A, where we show results
PLoS Computational Biology | www.ploscompbiol.org
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repression, with rare but long-lived repression events, is intrinsically very noisy, since the promoter switches slowly between active
(unrepressed) and inactive (repressed) states, generating wide
bimodal distributions of mRNA (see Figure 3C). On the other
hand, independent binding to two operators causes more frequent
transitions between repressed and unrepressed states, leading to
lower levels of intrinsic noise and long-tailed mRNA distributions
(see Figure 3C). In order to illustrate these conclusions, we have
evaluated the model with a specific parameter set that is
representative of this kind of bacterial promoters, and plotted
the Fano factor as a function of the mean, under the assumption
that we vary the mean by titrating the amount of repressor inside
the cell. Furthermore, so as to demonstrate that our conclusions
are not dependent on choice of parameters, we have randomly
generated 10,000 different sets of kinetic parameters and
compared the Fano factor for cooperative and independent
binding. The result of this analysis is shown in Figure 2 in Text
S1, where we demonstrate that cooperative binding always results
in larger cell-to-cell variability than non-cooperative binding.
As an example of the two repressor-binding sites architecture,
we consider a simplified version of the lytic phage-l PR promoter,
which is controlled by the lysogenic repressor cI. The wild-type PR
promoter consists of three proximal repressor binding sites, OR1,
OR2 and OR3, with different affinities for the repressor (OR2 is
,25 times weaker than OR1) [58], and three distal operators OL1,
OL2 and OR3. For simplicity, we consider a simpler version of PR,
harboring a deletion of the three distal operators. In the absence of
these operators, the OR3 operator plays only a very minor role in
the repression of this promoter, and it can be ignored [50,59]. We
are then left with only OR1 and OR2. The cI repressor binds
cooperatively to OR1 and OR2, and that cooperativity is mediated
by direct protein-protein interactions between cI bound at each
operator [59]. Mutant forms of cI that are cooperativity deficient
(i.e., not able to bind cooperatively to the promoter) have been
designed [60]. In the inset in Figure 3B, we compare the
normalized variance of the mRNA distribution, both for wild-type
cI repressor, and for a cooperativity deficient mutant such as
Y210H [60]. The cooperative repressor is predicted to have
significantly larger promoter noise than the cooperativity deficient
mutant.

activators, the fold-change is always greater than 1, since activators
raise the level of transcription.
An example of the single repressor-binding site architecture is a
simplified version of the PlacUV5 promoter, which consists of a
single operator overlapping with the promoter. Based on a simple
kinetic model of repression, in which the Lac repressor competes
^
with RNAP for binding at the promoter, we can write down the K
^ matrices and compute the cell-to-cell variability in mRNA
and R
copy number. The matrices are presented in Table S1 in Text S1.
Based on our previous analysis, we know that stronger operators
are expected to cause larger noise and higher values of the Fano
factor than weaker operators. Therefore, we expect that if we
replace the wild-type O1 operator by the 10 times weaker O2
operator, or by the ,500 times weaker operator O3, the foldchange in noise should go down. Using our best estimates and
available measurements for the kinetic parameters involved, we
find that noise is indeed much larger for O1 than for O2, and it is
negligible for O3. This prediction is presented as an inset in
Figure 2C.

Promoters with two repressor-binding operators
Dual repression occurs when promoters contain two or more
repressor binding sites. Here, we consider three different scenarios
for architectures with two operators: 1) repressors bind independently to the two operators, 2) repressors bind cooperatively to the
two operators and 3) one single repressor may be bound to the two
operators simultaneously thereby looping the intervening DNA. At
the molecular level, cooperative repression is achieved by two
weak operators that form long-lived repressor-bound complexes
when both operators are simultaneously occupied. Transcription
factors may stabilize each other either through direct proteinprotein interactions [53], or through indirect mechanisms
mediated by alteration of DNA conformation [57].
Cooperative and independent repression. The kinetic
mechanisms of gene repression for both the cooperative and
independent repressor architectures are reproduced in Figure 3A.
For simplicity, we assume that both sites are of equal strength, so
the rates of association and dissociation to both sites are equal.
Cooperative binding is reflected in the fact that the rate of
dissociation from the state where the two operators are occupied is
slower (by a factor Vvv1) than the dissociation from a single
operator. This parameter is related to the cooperativity factor v
often found in thermodynamic models [54] by V~1=v. A typical
value of , 10{3 {10{2 [50,53]. By way of contrast, independent
binding is characterized by a value of V~1, which reflects the fact
that the rate of dissociation from each operator is not affected by
the presence of the other operator.
^ and R
^ matrices for these two architectures are defined in
The K
Table S1 in Text S1. Using these matrices, we can compute the
mean gene expression and the Fano factor for these two
architectures as a function of the concentrations of repressor.
The resulting expression for the fold-change in noise is shown as
entry number 3 of Table S2 in Text S1. As shown in Figure 3B,
the noise for cooperative repression is substantially larger than for
the independent repression architecture. The high levels of
intrinsic noise associated with cooperative repression can be
understood intuitively in terms of the kinetics of repressor-operator
interactions. At low repressor concentration, the lifetime of the
states where only one repressor is bound to either one of the two
operators can be shorter than the time it takes for a second
repressor to bind. This makes simultaneous binding of two
repressors to the two operators a rare event. However, when it
occurs, the two repressors stabilize each other, forming a very
long-lived complex with the operator DNA. This mode of
PLoS Computational Biology | www.ploscompbiol.org

Simultaneous binding of one repressor to two operators:
DNA looping. Repression may also be enhanced by the

presence of distant operators, which stabilize the repressed state
by allowing certain repressors to simultaneously bind to both
distant and proximal operators, forming a DNA loop [61,62]. The
Plac promoter is a prominent example of this architecture. The
kinetic mechanism of repression characterizing this promoter
architecture is presented in Figure 4A. The repressor only prevents
transcription when it is bound to the main operator Om, but not
when it is only bound to the auxiliary operator Oa. DNA loop
0
½J  where
formation is characterized by a kinetic rate kloop ~kon
½J , the looping J-factor, can be thought of as the local
concentration of repressor in the vicinity of one operator when
the repressor is bound to the other operator [33,34]. The rate of
dissociation of the operator-repressor complex in the looped
conformation is given by kunloop ~c kRoff . The parameters ½J  and c
have both been measured in vitro for the particular case of the Lac
repressor [42,63], and also estimated from in vivo data [33,64]. The
^ and R
^ matrices for this architecture are defined in Table S1 in
K
Text S1. We use these matrices to compute the mean and the
noise strength, according to equations (5–12) resulting in the fifth
entry of Table S2 in Text S1.
We first examine how the presence of the auxiliary operator
affects the level of cell-to-cell variability in mRNA expression. In
11
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predicts that, if we move the center of the auxiliary operator
further upstream from its wild-type location, in increments of
distance given by the helical period of the DNA, such that both
operators stay in phase, the fold-change in noise should behave as
represented in Figure 4C. In order to model the effect of DNA
looping, we assume that the dependence of the rate of DNA
looping on the inter-operator distanceh D (in units of base-pairs) iis
u
given by [33], kloop ~kRon |Exp { {vLog½DzwDzz ,
D
where u~140:6, v~2:52, w~0:0014, z~19:9[33], and we
assume the same concentration of repressors (and therefore the
same value for kRon ) for all of the different loop lengths. Note that in
Figure 4C, the Fano factor is not plotted as a function of the mean,
but as a function of the inter-operator distance D. That is, we keep
the number of repressors constant, and instead we alter the
distance between the two operators. In particular, as the operator
distance is changed, both the mean and the variance will change,
and therefore a direct comparison between Figures 4C and 4B
cannot be made. If we had plotted the Fano factor as a function of
the mean (as we do in Figure 4B) we would have seen that, for the
same mean, the Fano factor for looping is always larger than for a
simple repression motif, consistent with Figure 4B.

Figure 4B we compare the Fano factor in the absence of the
auxiliary operator with the Fano factor in the presence of the
auxiliary operator, which is assumed to be of the same strength as
the main operator. We use parameters in Table 1, and we first
assume that the dissociation rate of the operator-repressor
complex in the looped state is the same as the dissociation rate
in the unlooped state, so c~1 and kunloop ~kRoff . This assumption
is supported by single-molecule experiments in which the two
operators are on the same side of the DNA double-helix, separated
by multiples of the helical period of DNA [42,63]. Under these
conditions we find that the presence of an auxiliary operator
results in a larger Fano factor, in spite of the fact that the auxiliary
operator Oa does not stabilize the binding of the repressor to the
main operator Om. Interestingly, we find that the Fano factor is
maximal at intermediate concentrations of repressor for which
only one repressor is bound to the promoter, making the
simultaneous occupancy of the auxiliary and main operators
mediated by DNA looping possible. In contrast, the Fano factor is
identical to that of the simple repression case if the concentration
of repressor is so large that it saturates both operators and looping
never occurs. It had been previously hypothesized that DNA
looping might be a means to reduce noise in gene expression, due
to rapid re-association kinetics between Om and a repressor that is
still bound to Oa, which may cause short and frequent bursts of
transcription [64,65]. Here, by applying a simple stochastic model
of gene regulation, we show that the presence of the auxiliary
operator does not, by itself, decrease cell-to-cell variability. On the
contrary, it is expected to increase it. The reason for this increase is
that the rate of dissociation from the main operator is not made
faster by DNA looping; instead the presence of the auxiliary
operator causes the repressor to rapidly rebind the main operator,
extending the effective period of time when the promoter is
repressed.
Indeed, we find that only if the dissociation rate for a repressor
in the looped state is faster than in the unlooped state, the presence
of the auxiliary operator might reduce the cell-to-cell variability.
To illustrate this limit, we have assumed a value of c = 100, so that
kunloop ~100 kRoff , and find that the Fano factor goes down, below
the expectation for the simple repression architecture. A modest
increase in the dissociation rate in the looped conformation has
been reported in recent single-molecule experiments for promoter
architectures in which the two operators are out of phase (located
on different faces of the DNA) [42]. In order to verify the general
validity of these conclusions, we have randomly chosen 10,000
different sets of kinetic parameters and compared the Fano factor
for an architecture with an auxiliary operator and an architecture
without the auxiliary operator (simple repressor). In this analysis
the operator strength, rate of transcription, rate of DNA loop
formation and mean mRNA are randomly sampled over up to 4
orders of magnitude. The results are shown in Figure 4 in Text S1.
In the limit where dissociation of the repressor from the operator is
not affected by DNA looping c = 1, we find that the presence of the
auxiliary operator leads to an increase in noise (Figure 4A in Text
S1). In contrast, we find that when this parameter c is allowed to be
larger than 1, the presence of the auxiliary operator reduces cellto-cell variability in many instances (Figure 4B in Text S1).
An example of this type of architecture is a simplified variant of
the PlacUV5 promoter, which consists of one main operator and
one auxiliary operator upstream from the promoter. The kinetic
mechanism of repression is believed to be identical to the one
depicted in Figure 4A [23,42,63,64]. We can use the stochastic
model of gene regulation described in the theory section to make
precise predictions that will test this kinetic model of gene
regulation by DNA looping. We find that the kinetic model
PLoS Computational Biology | www.ploscompbiol.org

Simple activation
Transcriptional activators bind to specific sites at the promoter
from which they increase the rate of transcription initiation by
either direct contact with one or more RNAP subunits or
indirectly by modifying the conformation of DNA around the
promoter [57]. The simplest example of an activating promoter
architecture consists of a single binding site for an activator in the
vicinity of the RNAP binding site. When the activator is not
bound, transcription occurs at a low basal rate. When the activator
is bound, transcription occurs at a higher, activated rate.
Stochastic association and dissociation of the activator causes
fluctuations in transcription rate which in turn cause fluctuations
in mRNA copy number.
This simple activation architecture is illustrated in Figure 1A.
^ and R
^ matrices for this architecture are given in Table S1 in
The K
Text S1. Solving equations (5–8) for this particular case, we find
that the mean mRNA per cell for this simple mechanism takes the
form:

SmT~

r2 kAon
r1 kAoff
z
off
on
c kA zkA
c kAon zkAoff

ð23Þ

The mean mRNA can be changed by adjusting the intracellular
concentration of the activator. The rate at which one of the
activators binds to the promoter is proportional to the activator
0
½NA . Following the same argument as we
concentration: kAon ~kon
used in the simple repression case, the equilibrium dissociation
constant
. for the activator-promoter interaction is given by KOA ~
0
. Finally, it is convenient to define the enhancement
kAoff kon
factor: the ratio between the rate of transcription in the active and
the basal states f ~r2 =r1 . The mean mRNA can be written in
terms of these parameters as:
SmT~



r1
KOA
½ NA 
:
zf
c ½NA zKOA
½NA zKOA

ð24Þ

The Fano factor can be computed using equations (5–12) and it
is shown as entry 2 of Table S2 in Text S1. We can rewrite the
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equation appearing in Table S2 in Text S1 by writing kAon as a
function of the mean:

the Plac promoter by the CRP binding site of the Pgal promoter
(which is ,8 times weaker [67]), should affect the Fano factor. As
expected from our analysis of this class of promoters, the noise
goes down.



f {SmT=SmTbasal 2
Fano ~1zSmT
SmT=SmTbasal
SmT=SmTbasal {1

Dual activation: Independent and cooperative activation

ð25Þ

Dual activation architectures have two operator binding sites.
Simultaneous binding of two activators to the two operators may
lead to a larger promoter activity in different ways. For instance, in
some promoters each of the activators may independently contact
the polymerase, recruiting it to the promoter. As a result, the
probability to find RNAP bound at the promoter increases and so
does the rate of transcription [33,68]. In other instances, there is
no increase in enhancement factor when the two activators are
bound. However, the first activator recruits the second one
through protein-protein or protein-DNA interactions, stabilizing
the active state and increasing the fraction of time that the
promoter is active [59]. These two modes are not mutually
exclusive, and some promoters exhibit a combination of both
mechanisms [69].
We first investigate the effect of dual activation in the limit
where binding of the two transcription factors is not cooperative.
Assuming that activators bound at the two operators independently recruit the polymerase, we compare this architecture with
the simple activation architecture. The mechanism of activation is
^ and R
^ are presented in
depicted in Figure 6A, and matrices K
Table S1 in Text S1. For simplicity, we assume that both operators
have the same strength, and both have the same enhancement
factor f ~r2 =r1 ~r3 =r1 . When the two activators are bound, the
total enhancement factor is given by the product of the individual
enhancement factors, which in this case is f |f ~r4 =r1 [33]. All of
the other relevant kinetic parameters are given in Table 1. The
Fano factor is plotted in Figure 6B. We find that compared to the
single operator architecture, the second operator increases the
level of variability, even when binding to the operators is noncooperative.
We then ask whether this is also true when the binding of
activators is cooperative. We assume a small cooperativity factor
V~0:1. Just as we found for repressors, cooperative binding of
activators generates larger cell-to-cell variability than independent
binding, which in turn generates larger cell-to-cell variability than
simple activation. This is illustrated in the stochastic simulation in
Figure 6C. As expected the dual activation architectures are
noisier than the simple activation, characterized by rare but long
lived activation events that lead to large fluctuations in mRNA
levels. In contrast, the simple activation architecture leads to more
frequent but less intense activation events.
Together with the results from the dual repressor mechanism,
these results indicate that multiplicity in operator number may
introduce significant intrinsic noise in gene expression. Multiple
repeats of operators commonly appear in eukaryotic promoters
[1,70,71], but are often found in prokaryotic promoters as well
[59,68,72]. It is interesting to note that this prediction of the model
is in qualitative agreement with the findings by Raj et al. [2] who
report an increase in cell-to-cell variability in mRNA when the
number of activator binding sites was changed from one to seven.
An example of cooperative activation is the lysogenic phage-l
PRM promoter [59]. This promoter contains three operators (OR1,
OR2 and OR3) for the cI protein, which acts as an activator. When
OR2 is occupied, cI activates transcription. OR1 has no direct effect
on the transcription rate, but it helps recruit cI to OR2, since cI
binds cooperatively to the two operators. Finally, OR3 binds cI
very weakly, but when it is occupied, PRM becomes repressed.
There are variants of this promoter [50] that harbor mutations in

koff
ðf {SmT=SmTbasal Þz A ðf {1Þ
c
With these equations in hand, we explore how operator strength
affects noise in gene expression in the case of activation. Stronger
operators bind to the activator more tightly than weak operators,
leading to longer residence times of the promoter in the active
state.
In Figure 5A we plot the Fano factor as a function of the foldchange in mean expression for a strong operator as well as a 10
times weaker operator. We have used the parameters in Table 1.
Just as we saw for the simple repression architecture, it is also true
for the simple activation architecture that stronger operators cause
larger levels of noise for activators than weaker operators.
To get a sense of the differences between these two standard
regulatory mechanisms, we compare simple repression with simple
activation. In Figure 5B, we plot the Fano factor as a function of
the mean for a repressor and an activator with identical
dissociation rates. We assume that the promoter switches between
a transcription rate r~0 in its inactive state (which happens when
the repressor is bound in the simple repression case, or the
activator is not bound in the simple activation case), and a rate
equal to r~0:33 s{1 (see Table 1) in the active state (repressor not
bound in the simple repression case, activator bound in the simple
activation case). As shown in Figure 5B, at low expression levels
the simple activation is considerably (.20 times) noisier than the
simple repression promoter. At high expression levels both
architectures yield very similar noise levels, with the simple
repression architecture being slightly noisier. A low level of gene
expression may be achieved either by low concentrations of an
activator, or by high concentrations of a repressor. Low
concentrations of an activator will lead to rare activation events.
High concentrations of a repressor will lead to frequent but shortlasting windows of time for which the promoter is available for
transcription. As a result, and as we illustrate in Figure 5C, the
activation mechanism leads to bursty mRNA expression whereas
the repressor leads to Poissonian mRNA production. This result
suggests that in order to maintain a homogeneously low expression
level, a repressive strategy in which a high concentration of
repressor ensures low expression levels may be more adequate
than a low activation strategy. We confirmed that this statement is
true for other parameter sets in addition to the particular choice
used above. We randomly sampled the rates of activator and
repressor dissociation, as well as the rates of basal and maximum
transcription. As shown in Figure 3 in Text S1, the statement that
the simple activation architecture is noisier than the simple
repression architecture at low expression (less than 10 mRNA/cell)
levels is valid for a wide range of parameter values, with over 99%
of the conditions sampled leading to this conclusion.
An example of simple activation is the wild-type Plac promoter,
which is activated by CRP when complexed with cyclic AMP
(cAMP). CRP is a ubiquitous transcription factor, and is involved
in the regulation of dozens of promoters, which contain CRP
binding sites of different strengths [66]. In the inset of Figure 5A
we include CRP as an example of simple activation, and make
predictions for how changing the wild-type CRP binding site in
PLoS Computational Biology | www.ploscompbiol.org
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SmRNATmax for a repressor (black) and an activator (red) with the
same transcription factor affinity. The transcription rate in the absence
of activator is assumed to be zero. The transcription rate in the fully
activated case is equal to the transcription rate of the repression
construct in the absence of repressor and is r~0:33 s{1 as specified by
Table 1. For low expression levels SmT=SmTmax v0:5 simple activation
is considerably noisier than simple repression. (C) The results of a
stochastic simulation for the simple activation and simple repression
architectures. We assume identical dissociation rates for the activator
and repressor, and identical rates of transcription in their respective
active states. As shown in (B), low concentrations of an activator result
in few, but very productive transcription events, whereas high
concentrations of a repressor lead to the frequent but short lived
excursions into the active state.
doi:10.1371/journal.pcbi.1001100.g005

OR3 that make it unable to bind cI. In Figure 6D, we include one
of these variants, r1-PRM [51] as an example of dual activation,
and we present a theoretical prediction for the promoter noise as a
function of the mean mRNA. We examine the role of
cooperativity by comparing the wild-type cI, with a cooperativity
deficient mutant. We find that the cooperative activator causes
substantially larger cell-to-cell variability than the mutant,
emphasizing our expectation that cooperativity may cause
substantial noise in gene expression in bacterial promoters such
as PRM.

Discussion
The DNA sequence of a promoter encodes the binding sites for
transcriptional regulators. In turn, the collection of these
regulatory sites, known as the architecture of the promoter,
determines the mechanism of gene regulation. The mechanism of
gene regulation, determines the transcriptional response of a
promoter to a specific input, in the form of the concentration of
one or more transcription factors or inducer molecules. In recent
years we have witnessed an increasing call for quantitative models
of gene regulation that can serve as a conceptual framework for
reflecting on the explosion of recent quantitative data, testing
hypotheses, and proposing new rounds of experiments [34,73,74].
Much of this data has come from bulk transcription experiments
with large numbers of cells, in which the average transcriptional
response from a population of cells (typically in the form of the
level of expression of a reporter protein) was measured as a
function of the concentration of a transcription factor or inducer
molecule [50,75]. Thermodynamic models [34,41,53] of gene
regulation are a general framework for modeling gene regulation
and dealing with this kind of bulk transcriptional regulation
experiments. This class of models has proven to be very successful
at predicting gene expression patterns from the promoter
architecture encoded in the DNA sequence [49,73–77]. However,
a new generation of experiments now provides information about
gene expression at the level of single-cells, with single-molecule
resolution [2,4,5,6,9,10,23,31,47,51]. These experiments provide
much richer information than just how the mean expression
changes as a function of an input signal: they tell us how that
response is spread among the population of cells, distinguishing
homogeneous responses, in which all cells express the same
amount of proteins or mRNA for the same input, from
heterogeneous responses in which some cells achieve very high
expression levels while others maintain low expression. Thermodynamic models are unable to explain the single-cell statistics of
gene expression, and therefore are an incomplete framework for
modeling gene regulation at the single-cell level.
A class of stochastic kinetic models have been formulated that
make it possible to calculate either the probability distribution of

Figure 5. Simple activation architecture. (A) The Fano factor is
plotted as a function of the fold-change gene expression (blue line). In
red, we show the effect of reducing operator strength (i.e., reducing the
lifetime of the operator-activator complex) by a factor of 10. Just as we
observed with single repression, weak activator binding operators
generate less promoter noise than strong activating operators. The
parameters used are shown in Table 1 with the exception of
r1 ~0:33 s{1 f , where f is the enhancement factor. Inset: Prediction
for the activation of the Plac promoter. The fold-change in noise is
plotted as a function of the fold-change in mean mRNA expression for
both the wild-type Plac (CRP dissociation time = 8 min), represented by
a blue line, and a Plac promoter variant where the lac CRP binding site
has been replaced by the weaker gal CRP binding site (dissociation
time = 1 min). The enhancement factor was set to f ~50 [33]. These
parameters are taken from [67] and [33]. The remaining parameters
are taken from Table 1. (B) Fano factor as a function of SmRNAT=
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Figure 6. Dual activation architecture. (A) Kinetic mechanism of dual activation. The parameters kAoff and kAon are the rates of activator
dissociation and association to the operators, and V is a parameter reflecting the effect of cooperative binding on the dissociation rate. (B) Fano
factor as a function of the mean mRNA for independent (V~1, black), cooperative (V~0:1, red), and for simple activation (blue). The parameters are
taken from Table 1 and r1 ~0:33 s{1 f , r2 ~f |r1 , r3 ~f |r1 , and r4 ~f 2 |r1 ; f is the enhancement factor. (C) A stochastic simulation shows the
effect of independent and cooperative binding in creating a sustained state of high promoter activity, resulting in high levels of mRNA in the active
state and large cell-to-cell variability. (D) Prediction for the r1-PRM promoter (a PRM promoter variant that does not exhibit OR3 mediated repression [51]).
This promoter is activated by cI, which binds cooperatively to OR1 and OR2. The prediction is shown for wild-type cI (V~0:013) and for a cooperativity
deficient mutant (Y210H, V~1). Parameters are taken from [33,43,58,97]. The lifetime of OR1-cI complex is 4 min. Lifetime of OR2-cI complex is 9.5 s.
doi:10.1371/journal.pcbi.1001100.g006

mRNA or proteins per cell or its moments, for simple models of
gene regulation involving one active and one inactive promoter
state [36,37,45,78]. Recently, we have extended that formalism to
account for any number of promoter states [30], allowing us to
model any promoter architecture within the same mathematical
framework. Armed with this model, we can now ask how promoter
architecture affects not only the response function, but also how
that response is distributed among different cells.
In this paper we have explored the feasibility of this stochastic
analog of thermodynamic models as a general framework to
understand gene regulation at the single-cell level. Using this
approach we have examined a series of common promoter
architectures of increasing complexity, and established how they
affect the level of cell-to-cell variability of the number of mRNA
molecules, and proteins, in steady state. We have found that, given
the known kinetic rates of transcription factor association and
dissociation from operators, the level of variability in gene
expression for many well studied bacterial promoters is expected
to be larger than the simple Poissonian expectation, particularly
PLoS Computational Biology | www.ploscompbiol.org

for mRNA and short-lived proteins. We have investigated how the
level of variability generated by a simple promoter consisting of
one single operator differs from more complex promoters
containing more than one operator, and found that the presence
of multiple operators increases the level of cell-to-cell variability
even in the absence of cooperative binding. Cooperative binding
makes the effect of operator multiplicity even larger. We also
found that operator strength is one of the major determinants of
cell-to-cell variability. Strong operators cause larger levels of cellto-cell variability than weak operators. We have also examined the
case where one single repressor may bind simultaneously to two
operators by looping the DNA in between. We have found that the
stability of the DNA loop is the key parameter in determining
whether DNA looping increases or decreases the level of
variability, suggesting a potential role of DNA mechanics in
regulating cell-to-cell variability.
We have examined the difference between activators and
repressors, and found that repressors tend to generate less cell-tocell variability than activators at low expression levels, whereas at
15
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experimentally for a variety of promoters and different kinds of
bacteria. The first reports examined intrinsic and extrinsic protein
noise in E. coli and found that extrinsic noise was the dominant
source of cell-to-cell variability in protein expressed from a variant
of the PL promoter in a variety of different strains [3]. However,
the intrinsic component was non-negligible and for some strains,
dominant [3]. A second team of researchers examined a different
set of E. coli promoters involved in the biosynthetic pathway of
lysine [80]. The authors found that the intrinsic noise contribution
was significant for some promoters (i.e. lysA), but not for others. In
a third study the total protein noise was measured for a Lac
repressor-controlled promoter in B. subtilis, and it was reported
that the data could be well explained by a model consisting only of
intrinsic noise [8]. The authors found that the rates of
transcription and translation could be determined by directly
comparing the total cell-to-cell variability to the predictions of a
simple stochastic model that considered only intrinsic sources of
noise. They also found that the model had predictive power, and
that mutations that enhanced the rate of translation or
transcription produced expected effects in the total noise.
In summary, all studies that have measured mRNA noise in
bacteria so far report that intrinsic noise contributes substantially
to the total cell-to-cell variability. This is further supported by
observations that most of the mRNA variability comes from
intrinsic sources in yeast [31] and mammalian cells [1]. The issue
is less clear for protein noise. Some reports indicate that it is mostly
extrinsic [3], but others suggest that intrinsic noise may also be
important [8,23,80]. It seems likely that the relative importance of
intrinsic and extrinsic noise depends on the context, and that for
some promoters and genes extrinsic noise will be larger, whereas
for others the intrinsic component may dominate. In any case, it is
clear that both contributions are important, and both need to be
understood.

high expression levels repressors and activators generate similar
levels of cell-to-cell variability. We conclude that induction of gene
expression by increasing the concentration of an activator leads to
a more heterogeneous response at low and moderate expression
levels than induction of gene expression by degradation,
sequestration or dilution of a repressor. In addition, we have used
this model to make quantitative predictions for a few well
characterized bacterial promoters, connecting the kinetic mechanism of gene regulation that we believe applies for these promoters
in vivo with single-cell gene expression data. Direct comparison
between the model and experimental data offers an opportunity to
validate these kinetic mechanisms of gene regulation.

Intrinsic and extrinsic noise
There are two different classes of sources of cell-to-cell
variability in gene expression. The first class has its origins in
the intrinsically stochastic nature of the chemical reactions leading
to the production and degradation of mRNAs and proteins,
including the binding and unbinding of transcription factors,
transcription initiation, mRNA degradation, translation, and
protein degradation. The noise coming from these sources is
known as intrinsic noise [79]. A different source of variability
originates in cell-to-cell differences in cell size, metabolic state,
copy number of transcription factors, RNA polymerases, ribosomes, nucleotides, etc. This second kind of noise is termed
extrinsic noise [79]. The contributions from intrinsic and extrinsic
sources can be separated experimentally, and the total noise can
be written as the sum of intrinsic and extrinsic components [3]. In
this paper we focus exclusively on intrinsic noise, and the emphasis
is on bacterial promoters. This double focus requires us to discuss
to what extent intrinsic noise is relevant in bacteria.
The experimental evidence gathered so far indicates that
intrinsic noise is the dominant source of cell-to-cell variability in
bacteria of the mRNA copy number. In a recent single-molecule
study, transcription was monitored in real time for two different E.
coli promoters, PRM and Plac/ara [4]. The authors measured the
rates of mRNA synthesis and dilution, as well as the rates of
promoter activation and inactivation in single cells. The intrinsic
noise contribution was calculated from all of these rates. It was
found to be responsible for the majority of the total cell-to-cell
variability, accounting for over 75% of the total variance. Another
recent experiment in B. subtilis [7] found that mRNA expressed
from the ComK promoter is also dominated by intrinsic noise.
Furthermore, this study indicated that intrinsic mRNA noise is
responsible for activation of a phenotypic switch that drives a
fraction of the cells to competence for the uptake of DNA [7]. A
third recent report investigated the activation of the genetic switch
in E. coli, which drives the entrance of a fraction of cells into a
lactose metabolizing phenotype [23]. The authors of the study
found evidence that stochastic binding and unbinding of the Lac
repressor to the main operator was responsible for the observed
cell-to-cell variability in gene expression and, consequently the
choice of phenotype. Furthermore, the authors discovered that the
deletion of an auxiliary operator that permits transcriptional
repression by DNA looping, leads to a strong increase in the level
of cell to cell variability in the expression of the lactose genes,
indicating that promoter architecture plays a big role in
determining the level of noise and variability in this system.
Taken all together, these experiments suggest that intrinsic mRNA
noise is dominant and may have important consequences for cell
fate determination. In addition, at least in one case, promoter
architecture has been shown to be of considerable importance.
At the protein level, the contribution of extrinsic and intrinsic
noise to the total cell-to-cell variability has also been determined
PLoS Computational Biology | www.ploscompbiol.org

Comparison with experimental results
The aim of this paper is to formulate a set of predictions that
reflect the class of kinetic models of gene regulation in bacteria that
one routinely finds in the literature [42,64,81–84]. Our analysis
indicate that if these models are correct, and if the kinetic and
thermodynamic parameters that have been measured over the
years are also reasonably close to their real values in live cells [85],
the effect of promoter architecture in cell-to-cell variability in
bacteria should be rather large and easily observable. In this sense,
our intention is more to motivate new experiments than to explain
or fit any currently available data. We only know of one published
report in which the effect of perturbing the architecture of a
bacterial promoter on the cell-to-cell variability in gene expression
has been determined [23]. Given that there are several examples
of promoters in bacteria for which a molecular kinetic mechanism
of gene regulation has been formulated [42,64,81–84,86], we hope
that the computational analysis in this paper may serve as an
encouragement for researchers to do for bacteria the same kind of
experiments that have been already performed in eukaryotes
[1,11,15,17,31]. Indeed, several different studies have examined
the effect of promoter architectural elements in cell-to-cell
variability in protein and mRNA in eukaryotic cells. Although
our efforts in this paper have focused on bacterial promoters rather
than eukaryotic promoters, it is worthwhile to discuss the findings
of these studies and compare them (if only qualitatively) with the
predictions made in this paper.
Two recent studies measured intrinsic mRNA noise in yeast
[31] and mammalian cells [1]. Both papers concluded that
stochastic promoter activation and inactivation was the leading
source of intrinsic noise. While stochastic chromatin remodeling is
16
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and not only the intrinsic part, so the explanation may lie
elsewhere. These results emphasize the need for more experiments
in which the intrinsic noise is isolated and measured directly.
More recently, several impressive experimental studies have
measured the noise in mRNA in bacteria for a host of different
promoters ([87], and Ido Golding, private communication). In
both of these cases, simplified low-dimensional models which do
not consider the details of the promoter architecture have been
exploited to provide a theoretical framework for thinking about
the data. Our own studies indicate that the differences between a
generic two-state model and specific models that attempt to
capture the details of a given architecture are sometimes subtle
and that the acid test of ideas like those presented in this paper can
only come from experiments which systematically tune parameters, such as the repressor concentration, for a given transcriptional architecture.

suspected to be the origin of those activation events, neither one of
these studies was conclusive about the precise molecular
mechanism responsible for promoter activation. However, both
studies found that promoter architecture had an important role
and strongly affected the level of total mRNA noise. In both
studies, the authors found that when the number of binding sites
for a transcriptional activator was raised from one to seven, the
normalized variance increased several-fold. This qualitative
behavior is in agreement with our prediction that dual activation
causes larger intrinsic mRNA noise than simple activation. It is
possible that this agreement is coincidental, since the actual
mechanism of gene regulation at these promoters could be much
more complicated than the simple description of gene activation at
a bacterial promoter adopted here.
Other studies [11,15,17] have measured the total protein noise
from variants of the GAL1 promoter in yeast, and found that their
data could be well explained by a model that considered only
intrinsic noise sources. These studies also concluded that the main
sources of intrinsic noise were stochastic activation and inactivation of the promoter due to chromatin remodeling. However, it
was also found that the stable formation of pre-initiation complex
at the TATA box and the stochastic binding and unbinding of
transcriptional repressors contributed to the total noise [11,15,17].
The authors of these studies found that for point mutations in the
TATA box of the GAL1 promoter in yeast, which made the box
weaker, the level of cell to cell variability went down significantly.
This is also in good agreement with our prediction that the
stronger the binding site of a transcriptional activator, the larger
the intrinsic noise should be. However, since this study measured
the total noise strength, and did not isolate the intrinsic noise, the
observed decrease in noise strength as a result of making the
TATA box weaker may have other origins. These experiments
were conducted under induction conditions that minimize
repression by nucleosomes and activation by chromatin remodeling. A more recent report by the same lab [11] found that the
copy number and location of a transcriptional repressor binding
site greatly affects the total protein noise. The authors found that
when they increased the number of repressor binding sites, the
noise went up. This is also in qualitative agreement with our
prediction that operator number positively correlates with intrinsic
noise in the case of dual repression. However, the same caveat
applies here as in the previous case studies, which is that only the
total noise was measured. Although the authors of this study
attributed all of the noise to intrinsic sources, it is still possible that
extrinsic noise was responsible for the observed dependence of
noise strength on operator number.
Finally, it is worth going back to bacteria, and discussing the
only study that has yet examined the effect of a promoterarchitecture motif on cell-to-cell variability in gene expression. In
this paper, the authors investigated the effect of DNA looping on
the total cell-to-cell variability for the PlacUV5 promoter in E. coli
[23]. Using a novel single-protein counting technique, Choi and
co-workers measured protein distributions for promoters whose
auxiliary operator had been deleted (leaving them with a simple
repression architecture), and compared them to promoters with
the auxiliary operator O3 present, which allows for DNA looping.
They report a reduction in protein noise due to the presence of
O3, which according to our analysis, may indicate that the
dissociation of the repressor from the looped state is faster than the
normal dissociation rate. The authors attributed this loopingdependent decrease in noise to intrinsic origins, related to the
different kinetics of repressor binding and rebinding to the main
operator in the presence of the auxiliary operator, and in its
absence. However, their measurements also reflect the total noise,
PLoS Computational Biology | www.ploscompbiol.org

Future directions
Some recent theoretical work has analyzed the effect of
cooperative binding of activators in the context of particular
examples of eukaryotic promoters [88,89]. The main focus of this
study is bacterial promoters. The simplicity of the microscopic
mechanisms of transcriptional regulation for bacterial promoters
makes them a better starting point for a systematic study like the
one we propose. However, many examples of eukaryotic
promoters have been found whose architecture affects the cellto-cell variability [1,11,17,31,32]. Although the molecular mechanisms of gene regulation in these promoters are much more
complex, with many intervening global and specific regulators
[90], the stochastic model employed in this paper can be applied to
any number of promoter states, and thus can be applied to these
more complex promoters. Recent experimental work is starting to
reveal the dynamics of nucleosomes and transcription factors with
single-molecule sensitivity [91,92], allowing the formulation of
quantitative kinetic and thermodynamic mechanistic models of
transcriptional regulation at the molecular level [73,77]. The
framework for analyzing gene expression at the single-cell level
developed in this paper will be helpful to investigate the kinetic
mechanisms of gene regulation in eukaryotic promoters, as the
experimental studies switch from ensemble, to single-cell.

Shortcomings of the approach
Although the model of transcriptional regulation used in this
paper is standard in the field, it is important to remark that it is a
very simplified model of what really happens during transcription
initiation. There are many ways in which this kind of model can
fail to describe real situations. For instance, mRNA degradation
requires the action of RNases. These may become saturated if the
global transcriptional activity is very large, and degradation the
becomes non-linear [55]. Transcription initiation and elongation
are assumed to be jointly captured in a single constant rate of
mRNA synthesis for each promoter state. This is an oversimplification also. When considered explicitly, and in certain parameter
ranges, the kinetics of RNAP-promoter interaction may cause
noticeable effects in the overall variability [46]. Similarly, as
pointed out elsewhere [93,94,95], translational pausing, backtracking or road-blocking may also cause significant deviations in
mRNA variability from the predictions of the model used in this
paper. How serious these deviations are depends on the specifics of
each promoter-gene system. The model explored in this paper also
assumes that the cell is a well-mixed environment. Deviations from
that approximation can significantly affect cell-to-cell variability
[56,96]. Another simplification refers to cell growth and division,
which are not treated explicitly by the model used in this paper:
17
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cell division and DNA replication cause doubling of gene and
promoter copy number every cell cycle, as well as binomial
partitioning of mRNAs between mother and daughter cells [3]. In
eukaryotes, mRNA often needs to be further processed by the
splicing apparatus before it becomes transcriptionally active. It
also needs to be exported out of the nucleus, where it can be
translated by ribosomes.
To study the effect of transcription factor dynamics on mRNA
noise we assume that the unregulated promoter produces mRNA
in a Poisson manner, at a constant rate. This assumption can turn
out to be wrong if there is another process, independent of
transcription factors, that independently turns the promoter on
and off. In eukaryotes examples of such processes are nucleosome
positioning and chromatin remodeling, while in prokaryotes
analogous processes are not as established, but could include the
action of non-specifically bound nucleoid proteins such as HU and
HNS, or DNA supercoiling. Experiments that measure cell-to-cell
distributions of mRNA copy number in the absence of
transcription factors (say without Lac repressor for the lac operon
case) can settle this question. In case the Fano factor for this
distribution is not one (as expected for a Poisson distribution) this
can signal a possible transcription factor-independent source of
variability. The stochastic models studied here can be extended to
account for this situation. For example, the promoter can be made
to switch between an on and an off state, where the transcription
factors are allowed to interact with promoter DNA only while it is
in the on state. In this case the mRNA fluctuations produced by an
unregulated promoter will not be Poissonian. One can still
investigate the affect of transcription factors by measuring how
they change the nature of mRNA fluctuations from this new baseline. Comparison of this extended model with single-cell
transcription experiments would then have the exciting potential
for uncovering novel modes of transctriptional regulation in
prokaryotes.
For the purpose of isolating the effect of individual promoter
architectural elements on cell-to-cell variability in gene expression,
we have artificially changed the value of one of those parameters,
while keeping the other parameters constant. For instance, we
have investigated the effect of altering the strength of an operator
on the total cell-to-cell variability. In order to do this, we ask how
changes in the dissociation rate of the transcription factor alter the
cell-to-cell variability, given that all other rates (say the rate of
transcription, or mRNA degradation) remain constant. This
assumption is not necessarily always correct, since very often the
operator sequence overlaps the promoter, and therefore changes
in the sequence that alter operator strength also affect the
sequence from which RNAP initiates transcription, which can
potentially affect the overall rates of transcription. As is usually the
case, biology presents us with a great diversity of forms, shapes and
functions, and promoters are no exception. One needs to examine
each promoter independently on the basis of the assumptions
made in this paper, as many of these assumptions may apply for
some promoters, but not for others.
For the same reason of isolating the effect of promoter
architecture and cis-transcriptional regulation on cell-to-cell
variability in gene expression, when we compare different
architectures we make the simplifying assumption that they are

transcribing the same gene, and therefore that the mRNA
transcript has the same degradation rate. Care must be taken to
take this into account when promoters transcribing different genes
are investigated, since the mRNA degradation rate has a large
effect on the level of cell-to-cell variability.
We have also assumed that when transcription factors dissociate
from the operator, they dissociate into an averaged out, wellmixed, mean-field concentration of transcription factors inside the
cell. The possibility of transcription factors being recaptured by the
same or another operator in the promoter right after they fall off
the operator is not captured by the class of models considered
here. Recent in vivo experiments suggest that this scenario may be
important in yeast promoters containing arrays of operators [31].
In spite of all of the simplifications inherent in the class of
models analyzed in this paper, we believe they are an adequate
jumping off point for developing an intuition about how promoter
architecture contributes to variability in gene expression. Our
approach is to take a highly simplified model of stochastic gene
expression, based on a kinetic model for the processes of the
central dogma of molecular biology, and add promoter dynamics
explicitly to see how different architectural features affect
variability. This allows us to isolate the effect of promoter
dynamics, and develop an intuitive understanding of how they
affect the statistics of gene expression.
It must be emphasized, however, that the predictions made by
the model may be wrong if any of the complications mentioned
above are significant. This is not necessarily a bad outcome. If the
comparison between experimental data and the predictions made
by the theory for any particular system reveals inconsistencies,
then the model will need to be refined and new experiments are
required to identify which of the sources of variability that are not
accounted for by the model are in play. In other words,
experiments that test the quantitative predictions outlined stand
a chance of gaining new insights about the physical mechanisms
that underlie prokaryotic transcriptional regulation.

Supporting Information
Text S1 Mathematical derivations and supplementary information. A derivation of all equations in the text is presented, together
with its corresponding tables and figures.
Found at: doi:10.1371/journal.pcbi.1001100.s001 (2.04 MB
DOC)
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46. Höfer T, Rasch MJ (2005) On the kinetic design of transcription. Genome
Inform 16: 73–82.
47. Zenklusen D, Larson DR, Singer RH (2008) Single-RNA counting reveals
alternative modes of gene expression in yeast. Nat Struct Mol Biol 15:
1263–1271.
48. Halford SE (2009) An end of 40 years of mistakes in DNA-protein association
kinetics. Biochem Soc Trans 37: 343–348.
49. Kim HD, O’Shea EK (2008) A quantitative model of transcription factoractivated gene expression. Nat Struct Mol Biol 15: 1192–1198.
50. Dodd IB (2004) Cooperativity in long-range gene regulation by the lambda cI
repressor. Genes Dev 18: 344–354.
51. Rosenfeld N, Young JW, Alon U, Swain PS, Elowitz MB (2005) Gene regulation
at the single-cell level. Science 307: 1962–1965.
52. Gillespie DT (1977) Exact stochastic simulation of coupled chemical reactions.
J Phys Chem 81: 2340–2361.
53. Buchler NE, Gerland U, Hwa T (2003) On schemes of combinatorial
transcription logic. Proc Natl Acad Sci 100: 5135–5141.
54. Cox CD, McCollum JM, Austin DW, Allen MS, Dar RD, et al. (2006)
Frequency domain analysis of noise in simple gene circuits. Chaos 16: 026102.
55. Pedraza JM, Paulsson J (2008) Effects of molecular memory and bursting on
flucuations in gene. Science 319: 339–343.
56. van Zon JS, Morelli MJ, Tanase–Nicola S, ten Wolde PR (2006) Diffusion of
transcription factors can drastically enhance the noise in gene expression.
Biophys J 91: 4350–4367.
57. Browning DF, Busby SJW (2004) The regulation of bacterial transcription
initiation. Nat Revs Microbiol 2: 1–9.
58. Koblan KS, Ackers GK (1992) Site-specific enthalpic regulation of DNAtranscription at bacteriophage-lambda Or. Biochemistry 31: 57–65.
59. Ptashne M (2004) A Genetic Switch. Cold Spring Harbor, New York: Cold
Spring Harbor Laboratory Press.
60. Babic AC, Little, JW (2007) Cooperative DNA binding by cI repressor is
dispensable in a phage-lambda variant. Proc Natl Acad Sci 104: 17741–17746.
61. Semsey S, Geanacopoulos M, Lewis DEA, Adhya S (2002) Operator-bound
GalR dimers close DNA loops by direct interaction: tetramerization and inducer
binding. EMBO J 21: 4349–4356.
62. Muller-Hill B (2004) The Lac Operon: A Short History of a Genetic Paradigm.
Berlin, New York: Walter de Gruyter.
63. Vanzi F, Broggio C, Sacconi L, Pavone FS (2006) Lac repressor hinge flexibility
and DNA looping: single molecule kinetics by tethered particle motion. Nucleic
Acids Res 34: 3409–3420.
64. Vilar JM, Leibler S (2003) DNA looping and physical constrains on
transcriptional regulation. J Mol Biol 331: 981–989.
65. Vilar JM, Saiz L (2005) DNA looping in gene regulation: From the assembly of
macromolecular complexes to the control of transriptional noise. Curr Opin
Genet Dev 15: 136–144.
66. Cameron AD, Redfield RJ (2008) CRP Binding and Transcription Activation at
CRP-S Sites. J Mol Biol 383: 313–323.
67. Gaston K, Kolb A, Busby S (1989) Binding of the Escherichia coli cyclic AMP
receptor protein toDNA fragments containing consensus nucleotide sequences.
Biochem J 261: 649–653.
68. Joung JK, Koepp DM, Hochschild A (1994) Synergistic activation of
transcription by bacteriophage-lambda cI-protein and escherichia coli CAMP
receptor protein. Science 265: 1863–1866.
69. Joung JK, Le LU, Hochschild A (1993) Synergistic activation of transcription by
Escherichia-coli CAMP Receptor Protein. Proc Natl Acad Sci 90: 3083–3087.
70. Burz BS, Rivera-Pomar R, Jackle H, Hanes SD (1998) Cooperative DNAbinding by Bicoid provides a mechanism for threshold-dependent gene
activation in the Drosophila embryo. EMBO J 17: 5998–6009.
71. Karpova TS, Kim MJ, Spriet C, Nalley K, Stasevich TJ, et al. (2008)
Concurrent Fast and Slow Cycling of a Transcriptional Activator at an
Endogenous Promoter. Science 5862. pp 466–469.
72. Shin M, Kang S, Hyun S-J, Fujita N, Ishishama A, et al. (2001) Repression of
deoP2 in Escherichia coli by CytR: Conversion of a transcription activator into a
repressor. EMBO J 19: 5392–5399.
73. Segal E, Widom J (2009) From DNA sequence to transcriptional behaviour: a
quantitative approach. Nat Rev Genet 10: 443–456.
74. Kim HD, Shay T, O’Shea EK, Regev A (2009) Transcriptional regulatory
circuits: predicting numbers from alphabets. Science 325: 429–432.
75. Kuhlman T, Zhang Z, Saier MH, Hwa T (2007) Combinatorial transcriptional
control of the lactose operon of Escherichia coli. Proc Natl Acad Sci 104:
6043–6048.
76. Gertz J, Siggia ED, Cohen BA (2009) Analysis of combinatorial cis-regulation in
synthetic and genomic promoters. Nature 457: 215–218.
77. Raveh-Sadka T, Levo M, Segal E (2009) Incorporating nucleosomes into
thermodynamic models of transcription regulation. Genome Res 19:
1480–1496.
78. Shahrezaei V, Swain PS (2008) Analytical distributions for stochastic gene
expression. Proc Natl Acad Sci 105: 17256–17261.
79. Swain PS, Elowitz MB, Siggia ED (2002) Intrinsic and extrinsic contributions to
stochasticity in gene expression. Proc Natl Acad Sci 99: 12795–12800.

7. Maamar H, Raj A, Dubnau D (2007) Noise in Gene Expression Determines.
Science 317: 526–529.
8. Ozbudak EM, Thattai M, Kurtser I, Grossman AD, van Oudenaarden A (2002)
Regulation of noise in the expression of a single gene. Nat Genet 31: 69–73.
9. Raj A, van den Bogaard P, Rifkin SA, van Oudenaarden A, Tyagi S (2009)
Imaging individual mRNA molecules using multiple singly labeled probes. Nat
Methods 5: 877–879.
10. Yu J, Xiao J, Ren X, Lao K, Xie XS (2006) Probing gene expression in live cells
one protein at a time. Science 311: 1600–1603.
11. Murphy KF, Balazsi G, Collins JJ (2007) Combinatorial promoter design for
engineering noisy gene expression. Proc Natl Acad Sci 104: 12726–12731.
12. Rigney DR, Schieve WC (1977) Stochastic model of linear, continuous protein
synthesis in bacterial populations. J Theor Biol 69: 761–766.
13. Berg O (1978) A model for statistical fluctuations of protein numbers in a
microbial-population. J Theor Biol 71: 587–603.
14. Bar-Even A, Paulsson J, Maheshri N, Carmi M, O’Shea EK, et al. (2006) Noise
in protein expression scales with natural protein abundance. Nat Genet 38:
636–643.
15. Blake WJ, Kaern M, Cantor CR, Collins JJ (2003) Noise in eukaryotic gene
expression. Nature 422: 633–637.
16. Raser JM, O’Shea EK (2004) Control of stochasticity in eukaryotic gene
expression. Science 304: 1811–1814.
17. Blake WJ, Balazsi G, Kohanski MA, Isaacs FJ, Murphy KF, et al. (2006)
Phenotypic consequences of promoter-mediated transcriptional noise. Mol Cell
24: 853–865.
18. Kaern M, Elston TC, Blake WJ, Collins JJ (2005) Stochasticity in gene
expression: from theories to phenotypes. Nat Rev Gen 6: 451–464.
19. Maheshri N, O’Shea EK (2007) Living with noisy genes: how cells function
reliably with inherent variability in gene expression. Annu Rev Biophys Biomol
Struct 36: 413–434.
20. Wernet MF, Mazzoni EO, Celik A, Duncan DM, Duncan I, et al. (2006)
Stochastic spineless expression creates the retinal mosaic for colour vision.
Nature 440: 174–180.
21. Weinberger LS, Burnett JC, Toettcher JE, Arkin AP, Schaffer DV (2005)
Stochastic gene expression in a lentiviral positive-feedback loop: HIV-1 Tat
fluctuations drive phenotypic diversity. Cell 122: 169–182.
22. Ackerman M, Stecher B, Freed NE, Songhet P, Hardt W, et al. (2008) Selfdestructive cooperation mediated by phenotypic noise. Nature 454: 987–990.
23. Choi PJ, Cai L, Frieda K, Xie XS (2008) A stochastic single molecule event
triggers phenotype switching of a bacterial cell. Science 322: 442–445.
24. Losik R, Desplan C (2008) Stochasticity and cell fate. Science 320: 65–68.
25. Singh A, Weinberger LS (2009) Stochastic gene expression as a molecular switch
for viral latency. Curr Op Microbiol 12: 460–466.
26. Austin DW, Allen MS, McCollum JM, Dar RD, Wilgus JR, et al. (2006) Gene
network shaping of inherent noise spectra. Nature 439: 608–611.
27. Cox CD, McCollum JM, Allen MS, Dat RS, Simpson ML (2008) Using noise to
probe and characterize gene circuits. Proc Natl Acad Sci 105: 10809–10814.
28. Nevozhay D, Adams RM, Murphy KF, Josic K, Balazsi G (2009) Negative
autoregulation linearizes the dose-response and suppresses the heterogeneity of
gene expression. Proc Natl Acad Sci 106: 5123–5128.
29. Pedraza JM, Van Oudenaarden A (2005) Noise propagation in gene networks.
Science 307: 1965–1969.
30. Sanchez A, Kondev J (2008) Transcriptional control of noise in gene expression.
Proc Natl Acad Sci 105: 5081–5086.
31. To TL, Maheshri N (2010) Noise can induce bimodality in positive
transcriptional feedback loops without bistability. Science 327: 1142–1145.
32. Rossi FMV, Kringstein AM, Spicher A, Guicherit OM, Blau HM (2000)
Transcriptional control: rheostat converted to On/Off switch. Mol Cell 6:
723–728.
33. Bintu L, Buchler NE, Garcia HG, Gerland U, Hwa T, et al. (2005)
Transcriptional regulation by the numbers: Applications. Curr Opin Gen Dev
15: 125–135.
34. Bintu L, Buchler NE, Garcia HG, Gerland U, Hwa T, et al. (2005)
Transcriptional regulation by the numbers: models. Curr Opin Genet Dev 15:
116–124.
35. Paulsson J (2004) Summing up the noise in gene networks. Nature 427: 415–418.
36. Peccoud J, Ycart B (1995) Markovian modelig of gene product synthesis. Theor
Popul Biol 48: 222–234.
37. Kepler TB, Elston TC (2001) Stochasticity in transcriptional regulation: origins,
consequences, and mathematical representations. Biophys J 81: 3116–3136.
38. Ingram PJ, Stumpf MP, Stark J (2008) Nonidentifiability of the Source of
Intrinsic Noise in Gene Expression from Single-Burst Data. PLoS Comp Biol 4:
e1000192.
39. Warmflash A, Dinner A (2008) Signatures of combinatorial regulation in
intrinsic biological noise. Proc Natl Acad Sci 105: 17262–17267.
40. Dunlop MJ, Cox III RS, Levine JH, Murray RM, Elowitz MB (2007)
Regulatory activity revealed by dynamic correlations in gene expression noise.
Nat Genet 40: 1493–1498.
41. Shea MA, Ackers GK (1985) The OR control system of bacteriophage lambda:
A physical chemical model for gene regulation. J Mol Biol 181: 211–230.
42. Wong OK, Guthold M, Erie DA, Gelles J (2008) Interconvertible lac repressorDNA loops revealed by single-molecule experiments. PLOS Biol 6: e232.
43. Wang Y, Guo L, Golding I, Cox EC, Ong NP (2009) Quantitative transcription
factor binding kinetics at the single-molecule level. Biophys J 96: 609–620.

PLoS Computational Biology | www.ploscompbiol.org

19

March 2011 | Volume 7 | Issue 3 | e1001100

Promoter Architecture and Cell-to-Cell Variability

90. Boeger H, Griesenbeck J, Kornberg RD (2008) Nucleosome retention and the
stochastic nature of promoter chromatin remodeling for transcription. Cell 133:
716–726.
91. Li G, Levitus M, Bustamante C, Widom J (2005) Rapid spontaneous accessibility
of nucleosomal DNA. Nat Struct Mol Biol 12: 46–53.
92. Gansen A, Valeri A, Hauger F, Felekyan S, Kalinin, et al. (2009) Nucleosome
disassembly intermediates characterized by single-molecule FRET. Proc Natl
Acad Sci 106: 15308–15313.
93. Klumpp S, Hwa T (2008) Stochasticity and traffic jams in the transcription of
ribosomal RNA: Intriguing role of termination and antitermination. Proc Natl
Acad Sci 105: 18159–18164.
94. Voliotis M, Cohen N, Molina-Paris C, Liverpool TB (2008) Fluctuations, pauses
and backtracking in DNA transcription. Biophys J 94: 334–348.
95. Dobrzynski M, Bruggeman F (2009) Elongation dynamics shape bursty
transcription and translation. Proc Natl Acad Sci 106: 2583–2588.
96. Tkacik G, Gregor T, Bialek W (2008) The role of input noise in transcriptional
regulation. PLoS One 3: e2774.
97. Zurla C, Manzo C, Dunlap D, Lewis DE, Adhya S, et al. (2009) Direct
demonstration and quantification of long-range DNA looping by the lambdabacteriophage repressor. Nucleic Acids Res 37: 2789–2795.
98. Müller J, Oehler S, Müller-Hill B (1996) Repression of lac promoter as a
function of distance, phase and quality of an auxiliary lac operator. J Mol Biol
257: 21–29.
99. Kennell D, Riezman H (1977) Transcription and translation initiation
frequencies of the Escherichia coli lac operon. J Mol Biol 114: 1–21.

80. Ou J, Furusawa C, Yomo T, Shimizu H (2009) Analysis of stochasticity in
promoter activation by using a dual-fluorescence reporter system. Biosystems 97:
160–164.
81. Schlax PJ, Capp MW, Record MT (1995) Inhibition of transcription initiation
by lac repressor. J Mol Biol 245: 331–350.
82. Saiz L, Vilar JM (2006) Stochastic dynamics of macromolecular-assembly
networks. Mol Syst Biol 2: 2006.0024.
83. Malan TP, McClure WR (1984) Dual promoter control of the Escherichia coli
lactose operon. Cell 39: 173–180.
84. Vanzi F, Broggio C, Sacconi L, Pavone FS (2006) Lac repressor hinge flexibility
and DNA looping: single molecule kinetics by tethered particle motion. Nucleic
Acids Res 34: 3409–3420.
85. Moran U, Phillips R, Milo R (2010) SnapShot: Key Numbers in Biology. Cell
141: 1262.
86. Straney SB, Crothers DM (1987) Lac repressor is a transient gene-activating
protein. Cell 51: 699–707.
87. Taniguchi Y, Choi PJ, Li GW, Chen H, Babu M, et al. (2010) Quantifying E. coli
proteome and transcriptome with single-molecule sensitivity in single cells.
Science 329: 533–538.
88. Gutierrez PS, Monteoliva D, Diambra L (2009) Role of cooperative binding on
noise expression. Phys Rev E 80: 011914.
89. Müller D, Stelling J (2009) Precise Regulation of Gene Expression Dynamics
Favors Complex Promoter Architectures. PLoS Comput Biol 5: e1000279.

PLoS Computational Biology | www.ploscompbiol.org

20

March 2011 | Volume 7 | Issue 3 | e1001100

